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1 Hierarchical clustering update formulas for
different error functions δ
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and Cz = Cu ∪ Cv, Cu ∩ Cv = ∅. We have

sz = su + sv, Sz = Su + Sv, hz = hu + hv, Hz = Hu +Hv

In the derivations of formulas we follow the same steps as in the case of δ4.
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1.2 δ5
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center equation: uHu = hu

center z:
hu + hv = z(Hu +Hv) = z(
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sum of differences:∑
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δ(x, z)− δ(x, u) = (u− z)(2hu − (u+ z)Hu) =
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u
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dissimilarity:
D(Cu, Cv) = uhuδ(u, z) + vhvδ(v, z)

1.3 δ6

δ6(x, y) =
(x− y)2

x

center equation: uhu = |Cu|
center z:

z(hu + hv) = |Cu|+ |Cv|
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z =
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dissimilarity:
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1.4 δ7
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1.5 Summary

i δi(x, y) zi Di(Cu, Cv)

1 (x− y)2 |Cu|u+|Cv |v
|Cu|+|Cv |

|Cu|·|Cv |
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2 Clustering results for US patent data:
Additional variables

2.1 Patents granted in year 1980 with at least 20 citations

Table 1: p-values of statistical tests of possible factor explanatory variable
assignee type and its relative frequencies for hierarchical clusters and the whole
data set.

assignee probabilities for types (1–6)
cluster 1 0.001** 0.29, 0.17, 0.06, 0.16, 0.22, 0.11
cluster 2 0.000** 0.22, 0.25, 0.07, 0.20, 0.14, 0.11
cluster 3 0.476 0.25, 0.20, 0.14, 0.11, 0.13, 0.16
cluster 4 0.000** 0.29, 0.08, 0.24, 0.10, 0.13, 0.16
cluster 5 0.027* 0.22, 0.16, 0.15, 0.20, 0.11, 0.15
cluster 6 0.000** 0.16, 0.11, 0.20, 0.15, 0.18, 0.20
cluster 7 0.328 0.23, 0.16, 0.14, 0.12, 0.16, 0.18
overall 0.24, 0.17, 0.14, 0.15, 0.15, 0.16
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2.2 Patents granted in years 1980–84, 15-year time period

Table 2: p-values of statistical tests of possible factor explanatory variable
category (first) and assignee type (second) and their relative frequencies for
hierarchical clusters and the whole data set.

category probabilities for categories (1–6)
cluster 1 0.000** 0.07, 0.53, 0.39, 0.01, 0.00, 0.01
cluster 2 0.000** 0.08, 0.57, 0.33, 0.00, 0.00, 0.01
cluster 3 0.000** 0.15, 0.59, 0.23, 0.01, 0.00, 0.01
cluster 4 0.000** 0.16, 0.56, 0.25, 0.01, 0.01, 0.01
cluster 5 0.000** 0.15, 0.57, 0.26, 0.01, 0.00, 0.02
cluster 6 0.005** 0.12, 0.57, 0.29, 0.01, 0.01, 0.01
cluster 7 0.054 0.11, 0.57, 0.29, 0.01, 0.00, 0.01
overall 0.12, 0.57, 0.29, 0.01, 0.00, 0.01

assignee probabilities for types (1–6)
cluster 1 0.000** 0.24, 0.15, 0.06, 0.20, 0.20, 0.14
cluster 2 0.000** 0.21, 0.22, 0.07, 0.21, 0.17, 0.13
cluster 3 0.000** 0.24, 0.18, 0.17, 0.13, 0.13, 0.15
cluster 4 0.000** 0.25, 0.13, 0.14, 0.13, 0.17, 0.19
cluster 5 0.000** 0.26, 0.15, 0.13, 0.14, 0.15, 0.17
cluster 6 0.004** 0.22, 0.16, 0.10, 0.21, 0.16, 0.16
cluster 7 0.000** 0.20, 0.20, 0.10, 0.19, 0.17, 0.15
overall 0.23, 0.18, 0.11, 0.17, 0.16, 0.15

Table 3: p-values of statistical tests of possible interval explanatory variables for
hierarchical clusters (data from 1980–84).

# citations generality originality selfcitations
cluster 1 0.000** 0.000** 0.007** 0.000**
cluster 2 0.000** 0.000** 0.218 0.000**
cluster 3 0.000** 0.000** 0.012* 0.000**
cluster 4 0.000** 0.859 0.475 0.000**
cluster 5 0.000** 0.135 0.626 0.056
cluster 6 0.000** 0.789 0.106 0.002**
cluster 7 0.000** 0.206 0.985 0.163
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