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Abstract

Largenetworks,having thousandsof verticesandlines,canbefoundin many different
areas,e. g: genealogies,flow graphsof programs,molecule,computernetworks, trans-
portationnetworks,socialnetworks, intra/interorganisationalnetworks ... Many standard
network algorithmsarevery time andspaceconsumingandthereforeunsuitablefor analy-
sisof suchnetworks.In thearticlewepresentsomeapproachestoanalysisandvisualisation
of largenetworksimplementedin programPajek. Sometypicalexamplesarealsogiven.

1 Intr oduction
Pajek (Sloveneword for Spider)is a program,for Windows (32 bit), for
analysisof large networks. It is freely available,for noncommercialuse,
at its homepage:
http://vlado.fmf.uni-lj.si/pub/networks/pajek/

Large networks can be found in many different areas. Usually they are producedauto-
matically, usingcomputers,from differentdatasourcesthatarealreadyavailablein computer
readableform. For example:

� large genealogies(genealogieshaving some �������	�	� people[21]), TheoreticalComputer
ScienceGenealogy( �	��
	
�� persons[30]);

� networksderivedfrom dictionariesandothertexts (charactermutation/insertion/deletion
network on 	������	� Englishwords[24]);

� transportationnetworks(Americanairlineswith �	�	� airports[31]);

� largemolecule(moleculehaving thousandsof atoms,e. g. DNA [28]);

� communication networks: links among pages or servers on Internet, usage of
Usenet[29], phonecalls[20];
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Figure1: Goals.

� flow graphsof programs[15];

� bibliographies, citation networks [9, 7], Erdös graph (network with ���
	�	� co-
authors[18]), . . .

Suchnetworks cannotbe treatedefficiently usingstandardnetwork analysistools which are
mostly basedon matrix representationandarethereforelimited to networksof moderatesize
(sometensor hundredsof verticesat most).

Themaingoalsin thedesignof Pajek are(seeFigure1):
� to supportabstractionby (recursive) factorizationof a largenetwork into severalsmaller

networksthatcanbetreatedfurtherusingmoresophisticatedmethods;

� to provide theuserwith somepowerful visualisationtools;

� to implementaselectionof efficientalgorithmsfor analysisof largenetworks.

Oneof theapproachesto supportabstractionis: find clusters(components,neighbourhoods
of ’central’ vertices,cores,. . . ) in a network, extract andshowverticesthatbelongto thesame
clustersseparately, possiblywith thepartsof thecontext (detailedlocal view), shrink vertices
in clustersandshow relationsamongclusters(globalview).
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Figure2: USA presidentsgenealogy.
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George Herbert Walker Bush & Barbara Pierce

Prescott Sheldon Bush & Dorothy Walker

Samuel Prescott Bush & Flora Sheldon

James Smith Bush & Harriet Eleanor Fay

Samuel Howard Fay & Susan Shellman

Samuel Prescott PhillipsFay & Harriet Howard

Samuel Howard & Anna Lillie

John Lillie & Abigail Breck

Theophilus Lillie & Hannah Ruck

John Ruck & Hannah Hutchinson

Elisha Hutchinson & Hannah Hawkins

Elisha Hutchinson & Elizabeth Clarke

Franklin Delano Roosevelt & Eleanor (Anna) Roosevelt

James Roosevelt & Sara Delano

Warren Delano & Catherine Robbins Lyman

Joseph Lyman & Anne Jean Robbins

Edward Hutchinson Robbins & Elizabeth Murray

Nathaniel Robbins & Elizabeth Hutchinson

Edward Hutchinson & Lydia Foster

Figure3: ShortestpathbetweenFranklinDelanoRoosvelt andGeorgeHerbertWalkerBushin
USA presidentsgenealogy.

Table1: Timecomplexitiesof algorithms(Pentium/64M/90MHz).

T( � ) 1.000 10.000 100.000 1.000.000
Shuffle ������� 0,00s 0,015s 0,17s 2,22s
QuickSor ������������� � 0,00s 0,00s 0,40s 5,14s
HeapSort ������������� � 0,00s 0,06s 0,98s 14,35s
InsertionSort �����"!#� 0,07s 7,50s 12,5 min 20,83 hours
XY �����"$#� 0,10 s 1,67 min 1,16 d 3,17 years

2 Efficient algorithms for largenetworks

Time % ( � ) andspace& ( � ) complexitiesof analgorithmareestimatesof thetime andmemory
spaceneededto run it on instancesof size � (in our case– numberof verticesor lines).

In mostlargenetworksthenumberof lines ' is of thesameorderasthenumberof vertices
– ������� or atmost �(�)�����	����� (suchnetworksareconsideredsparsenetworks). In thefollowing
weassumethatwehave to analyselargebut sparsenetworks.

Accordingto capabilitiesof nowadayscomputers,spacecomplexity for storingsparsenet-
worksis not crucialany more.Theproblemcanbesolvedusingappropriatedatastructuresfor
internalrepresentationof data(doublylinkedlists representationof networksis usedin Pajek).

Havingmuchfastercomputersdoesnothelpalot in thecaseof highordertimecomplexities.
In thetheoryproblemssolvablewith algorithmsof polynomialcomplexity areconsideredeasy.
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Pajek - shadow [0.00,1.00] Sep- 5-1998
World Trade (Snyder and Kick, 1979) - cores
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Figure4: ReorderedSnyderandKick’sworld tradematrix.

But, in the caseof large � , in practicealreadyalgorithmsof time complexity of order ����� ! �
canbetooslow (for theinteractiveuse),whatcanbeseenin theTable1.

Therefore,mostof thealgorithmsimplementedin Pajek havesubquadratic timecomplex-
ities: �(�)� � , �(�)�����	�*� � , �(�)�,+ � � , or arerestrictedto smallsetsof selectedvertices.
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3 Data Structur es

CurrentlyPajek usessix datastructuresto implementthealgorithms:

� network– mainobject(verticesandlines);

� permutation– reorderingof vertices;

� vector– valuesof vertices;

� cluster– subsetof vertices(e. g. oneclassfrom partition);

� partition – tells for eachvertex to whichclusterthevertex belongs;

� hierarchy– hierarchicallyorderedclustersandvertices.

The power of Pajek is basedon several transformationswhich supportdifferent transitions
amongthesedatastructures.

Besidesitsown inputformats,Pajeksupportsseveralotherformats:UCINET DL; GED[19],
genealogiescanbereadeitherasOre-graphor p-graph[21, 16, 17]; andsomemolecularfor-
mats:BS (Ball andStick),MAC(MacMolecule)andMOL(MDL MOLfile).

4 Algorithms

Usingtheabovedatastructuresthebasicsetof efficientalgorithmswasimplemented[1, 24,13,
14], for example:

� partitions: degree,depth,core,- -cliques,centers;

� binaryoperations: union,intersection,difference;

� components: strong,weak,biconnected,symmetric[1];

� decompositions: symmetric-acyclic;

� paths: shortestpath(s),all pathsbetweentwo vertices[11];

� flows: maximumflow betweentwo vertices[14];

� citation weights: PathsCountMethodandSPLCMethod[2];

� neighbourhood: . -neighbours;

� CPM (Critical PathMethod);

� extractingsubnetwork;

� shrinkingclustersin network (generalizedblockmodeling)[4];

� reordering: topologicalordering,Richards’snumbering,depth/breadthfirst search;
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Figure5: Cliquedecompositionof 9-coreof Erdösgraph.
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� reduction: hierarchy, subdivision,degree;

� simplificationsand transformations: deletingloops,multiple lines, transformingarcsto
edges. . .

We candefinean often usedsequenceof elementaryoperationsasa macro andrun it as
a singlecommand.Usingsystemsof macroswe canadaptPajek to specialgroupsof users
(analysisof genealogies,chemicalapplications,. . . ).

Somespecialalgorithmsfor solvingproblemsfrom differentareasof network analysiswere
also includedin Pajek: e. g. algorithmsfor checkingwhethera programis written struc-
turally [15]; simulationof Petrinets[12]; searchingfor givenfragments/patternsin moleculeor
genealogies.

Specialemphasiswasgivento automaticgenerationof network layouts. Several standard
algorithmsfor automaticgraphdrawing wereimplemented:springembeddersbasedonminimi-
sationof the total energy of thesystem(Kamada-Kawai [10] andFruchterman-Reingold[6]),
layoutsdeterminedby eigenvectors(Lanczosalgorithm[3, 5]), drawing in layers(genealogies
andotheracyclic structures).

Thesealgorithmsweremodifiedandextendedto enableadditionaloptions: drawing with
constraints(optimisationof theselectedpartof thenetwork, fixing someverticesto predefined
positions,usingvaluesof linesassimilaritiesor dissimilarities),drawing in space.Pajek also
providestoolsfor manualgraphediting.

Pajek supportsseveraloutputgraphicformatswhich canbeexaminedby special2D and
3D viewers(EncapsulatedPostScript– GSView [25]; VRML – CosmoPlayer [23]; MDL-
MOL – Rasmol [28], Chime [22]; Kinemages– Mage [26]).

5 Examples

In Figure 2 the largest connectedp-graphcomponentof the Genealogyof the USA presi-
dents[32] is presented. The shortestkinship path betweenFranklin Delano Roosvelt and
GeorgeHerbertWalkerBush,determinedusingmacroPath,is displayedin Figure3.

Figure4 representsa reorderedmatrix of SnyderandKick’s world traderelation(iterative
coredecompositionwith additionalanalysisof internalstructureof cores).

Thecliquesdecomposition(obtainedbyMODEL2 [27]) of themaincoreof Erdösgraph[18]
is displayedin Figure5.

Thelastpicture(Figure6) presentsasnapshotof the3D displayby Mage[26] of thePrison
network (from theUCINETdataset).

6 Futur eplans

Pajek is in a constantdevelopment.Thelatestversionis availablefrom its homepage.In the
nearfuturewe areplanningto implementthefollowing additionaloptions:differentclustering
anddecompositionprocedures,somestatistics(triadcounts),animationandpresentationof the
sequenceof networks, output formatting, control structuresin macros,planarity testingand
layout.. .
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Figure6: Prison3D graph.
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