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Abstract

Symbolic Data Analysis is based on a special descriptions ofdata – sym-
bolic objects. Such descriptions preserve more detailed information about
data than the standard representations with mean values. A special kind of
symbolic object is also representation with distributions. In the clustering
process this representation enables us to consider the variables of all types
at the same time.

We present two clustering methods based on the data descriptions with
discrete distributions: the adapted leaders method and theadapted agglom-
erative hierarchical clustering Ward’s method. Both methods are compatible
– they can be viewed as two approaches for solving the same clustering
optimization problem. In the obtained clustering, the leader is assigned to
each cluster. The descriptions of the leaders offer simple interpretation of
the clusters’ characteristics. The leaders method enablesus to efficiently
solve clustering problems with large number of units; whilethe agglomera-
tive method is applied on the obtained leaders and enables usto decide upon
the right number of clusters on the basis of the corresponding dendrogram.

Both methods were successfully applied in analyses of different data
sets. In the paper an application on the TIMSS data set is presented. The
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descriptions with distributions enable us to combine two data sets: answers
of teachers and answers of their students, into one data set.The descriptions
of the obtained clusters enable us to interpret the results in more understand-
able way.

Keywords: symbolic object, mixed units, clustering, large data sets,lead-
ers method, agglomerative hierarchical clustering method, k-means method,
Ward’s method, TIMSS.

1 Introduction

We are more and more aware of the importance of preserving in the data analy-
sis as much information from the raw data as possible. An approach, that very
successfully deal with this problem, issymbolic data analysis ([1], [2], [3]), intro-
duced by Edwin Diday two decades ago. A very important task ofthis analysis is
a special representation of the data that preserves more information. For the new
data descriptions, some of the classical methods could be adapted for their anal-
ysis. But in many cases, new methods were developed. In this paper we present
an approach for clustering large data sets of mixed units based on discrete distri-
butions using combination of the adapted leaders method andthe adapted Ward’s
method.

We selected the description of units with discrete distributions because such a
description has many advantages: it enables us to deal with all types of variables
(numerical, ordinal and nominal), can be used to reduce large data set, and also
preserves more detailed information about the raw data thanthe mean values. The
description with distributions is a special kind of symbolic object ([2]).

Classical clustering methods ([4], [5], [6], [7]) face two problems: hierarchi-
cal methods are limited to small number of units; and nonhierarchical methods
are mostly limited to units described with numbers and use for the cluster’s rep-
resentation only one value (usually the center of the cluster). Focusing on the
problem of clustering large data sets, we adapted the well known leaders method
(see [6], page 74) for the selected uniform representationsof units and clusters.
We adapted also the agglomerative hierarchical clusteringmethod. We proved
that for the selected dissimilarity, the adapted agglomerative method is an adapted
version of the Ward’s hierarchical clustering method ([8]). Each of the adapted
methods can be used separately. Since they are compatible (based on the same
criterion function) they can also be used to perform clustering in two stages: (1)
efficiently cluster large data set with adapted leaders method (to reduce the size
of data set); (2) cluster the obtained clusters’ leaders with the agglomerative hier-
archical method to reveal the internal structure among themand to determine an
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appropriate number of clusters. In the paper this approach is applied to the TIMSS
data set.

The paper is organized as follows. In Section 2, the description based on dis-
crete distributions is presented. We use this description in our adapted methods.
In Subsection 2.1, a basic description of the TIMSS data set is given. Also an
appropriate symbolic description of the objects – teachersis explained. We in-
troduce the dissimilarities between descriptions in Section 3. The adapted leaders
method, based on discrete distributions and introduced dissimilarities, is presented
in Section 4. Based on the same descriptions, we also adaptedWard’s hierarchi-
cal clustering method. The theoretical part of it is described in Section 5. The
technical part of the proof is given in Appendix A.

We applied both adapted methods on the TIMSS data set. The introduced
symbolic description with distributions enable us to combine two-level variables:
teachers and students in the same data set. In Section 6, we present results of the
analysis. Because of the large amounts of the obtained results, only some of them
could be included in the paper. More detailed results can be found at the web
address
http://educa.fmf.uni-lj.si/datana/pub/clamix/TIMSS.

2 The description based on discrete distributions

In the usual vector description of a data unit, each component of the vector corre-
sponds to a descriptor –variable. Variables can be measured in different scales:
nominal, ordinal, numerical. When all variables are not of the same type we
are dealing with the so calledmixeddata. For the description based on distribu-
tions the domain of each variableV j(j = 1, · · · , m) is partitioned intokj subsets
{V j

i , i = 1, . . . kj}.
For a clusterC we denote withf(i, C;V j) thefrequencyand with

π(i, C;V j) =
f(i, C;V j)

card(C)

therelative frequencyof the values of variableV j in thei-th subsetV j
i .

For all variablesV j(j = 1, · · · , m) holds

kj
∑

i=1

π(i, C;V j) = 1. (1)

The descriptionC(V j) of the clusterC for variableV j is a distribution, e.g. the
vector of the frequencies on the subsetsV j

i (i = 1, · · · , kj). The clusterC is de-
scribed with the vectorC of the distributions which is a special kind of a symbolic
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object:
C = [C(V 1), . . . , C(V m)],

C(V j) = [π(1, C;V j), . . . , π(kj, C;V j)].

A data unit is considered as a special cluster with only one element and in
our approach can be represented by the variableV j (j = 1, · · · , m) either with a
single value or by the distribution over the subsetsV j

i (i = 1, · · · , kj).
Such a description has the following important properties:

1. it produces anuniform descriptionfor all types of variables;

2. it requires afixed spaceper variable;

3. it is compatiblewith merging of disjoint clusters: knowing the descriptions
and sizes of clustersC1 andC2, C1 ∩ C2 = ∅, we can, without additional
information, produce the description of their union

π(i, C1 ∪ C2;V
j) =

card(C1) π(i, C1;V
j) + card(C2) π(i, C2;V

j)

card(C1) + card(C2)
;

4. it enables us to reduce large data sets by replacing the clusters with their
descriptions;

5. it alsopreserves more informationabout the cluster than the usual value of
an appropriate statistics – e.g. mean value used in the standard approach.

2.1 Example: TIMSS data set description using distributions

The representation with distributions over possible values is specially useful for
nominal data. This is the usual case in the data sets in socialsciences (for ex-
ample data obtained by interviews). To present the advantages of such data rep-
resentation we applied the proposed approach for an exploratory data analysis of
different data sets from social science research, such as ego-centered networks
([9]). In ego-centered networks objects of interest (units) are respondents of the
interview calledegos; and also persons related with them (calledalters) are con-
sidered. Alters can be described with the same variables as egos and/or with some
(other) variables which describe relationship among ego and alters and properties
of alters.

With symbolic description of data, egos and alters data can be combined into
only one data set. This approach was successfully applied onthe data set on social
support in Ljubljana, collected by the Faculty of social sciences at the University
of Ljubljana between March and June 2000 by computer assisted telephone inter-
view (CATI) and computer assisted personal interview (CAPI) ([10]).
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A more complex approach was used to the data set from TIMSS, Trends in In-
ternational Mathematics and Science Study, large scale study of measuring trends
in mathematics achievement of 4th and 8th-grade elementaryschool students from
different countries. The survey repeats every four years. In TIMSS survey, student
achievement is measured by tests of mathematics items amongstudents in ran-
domly chosen classes from randomly chosen schools in each participating country
([11]). For each student, his mathematics achievement is calculated by the meth-
ods ofitem response theoryand reported as a score on the international scale with
mean 500 and standard deviation of 100 ([12]). Related factors on student, teacher
and school level are collected with questionnaires about attitudes toward mathe-
matics, class and school environment and activities at mathematics lessons for
students, teachers and school principals separately, while keeping links between
students and their teacher or their school.

The aim of TIMSS is to measure knowledge of students and explain differ-
ences between students by factors related to teaching, learning and class activ-
ities. The main goal of the study is to find efficient methods ofteaching and
learning mathematics, independent from the cultural background, with respect to
high student achievement. The problem of analyzing such hierarchical data is to
use linked data from students and their teacher simultaneously to study activities
in the class. In our approach, teachers and students data sets are considered as
ego-centered network. An illustration of an ego-centered network is presented in
Figure 1, where circles represent egos and rectangles represent his/her alters.The

Figure 1: Ego-centered network

representation with distributions of nominal data gives possibility of describing
two levels data on learning factors in the same data set – teacher is described
with his/her answers and also with the distributions of his/her students answers to
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questionnaires. The clustering method, applied on TIMSS data on teachers and
students, was found to be very appropriate and new way to explore by which fac-
tors the teaching of mathematics is similar or different over the world and how it
is linked to mathematics achievement of students.

We applied our methods on data from years 1999 and 2003. Each data set
included more than 30 countries ([11], [13]). The TIMSS datasets, prepared for
the application of the adapted leaders method, consisted ofdata on teacher and
data on his/her students. Units of the analysis were teachers, described by their
variables: gender, age, education, their work in classes, pedagogical approaches
used in the class, opinions about mathematics, classroom activities, use of IT and
issues on homework. Each teacher’s description also includes the distributions
of students’ answers, describing students attitudes toward mathematics, such as
valuing math, enjoy learning, self confidence in mathematics, activities in class
such as students’ use of IT, their participation in learningmathematics and their
strengths in mathematics. These values were collected withthe separate question-
naires for students.

Teachers are considered as egos and their students as alters. For each ego
(teacher) values of his/her variablesT1, T2, T3, ... are presented with singular val-
ues of the appropriate subset numbers in their domains’ partitions, but for their
alters’ (students) each alter’s variableS1, S2, ... is represented with frequency dis-
tribution of alters’ answers.

For example, the symbolic object corresponding to teacher with id 4567 is
SO4567 = [4567, 4, 6, 3, ... [ 47, 16, 37, 0,0], [0,0,100,0], ...]

↑ ↑ ↑ ↑ ↑ ↑
id T1 T2 T3 ... S1 S2 ...

The values for the alter’s variableS1 are divided into the following four subsets 1
= strongly agree, 2 = agree, 3 = disagree, and 4 = strongly disagree. The meaning
of the distribution for the variableS1 is that47 students among all100 students
of the teacher with id 4567 strongly agree with the statementS1, 16 of students
agree with the statementS1, 37 of students disagree with the statementS1, and no
students strongly disagree with the statementS1. The last number in the distribu-
tion represents the number of missing values. There were no missing values on
this question.

3 Dissimilarity

There are several possible dissimilarities with differentproperties, that could be
used to measure resemblance between symbolic objects (Malerba et al. [14],
Nieddu and Rizzi [15], [16], [3] p.123-148). In our adaptations of classical clus-
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tering methods, we use two dissimilarities1 , both defined as a weighted sum of
the dissimilarities on each variable:

d(C1, C2) =

m
∑

j=1

αj d(C1, C2;V
j),

m
∑

j=1

αj = 1 (2)

whered(C1, C2;V
j) is either

dabs(C1, C2;V
j) =

1

2

kj
∑

i=1

|π(i, C1;V
j)− π(i, C2;V

j)| (3)

or

dsqr(C1, C2;V
j) =

1

2

kj
∑

i=1

(π(i, C1;V
j)− π(i, C2;V

j))2. (4)

Here,αj ≥ 0 (j = 1, . . . , m) denote weights, which can be equal for all variables,
or different if we have additional information about the importance of the vari-
ables. The weightsαj can also be used to consider associations among variables
discovered with other statistical methods. Both dissimilaritiesdabs anddsqr have
range[0, 1] – this is the reason for using1

2
in their definition.

For the dissimilaritydabs the triangle inequality also holds – it is a semidis-
tance.

4 The adapted leaders method

One of the most popular clustering methods for large data sets is k-means method,
which is a special version of the leaders method. k-means method can be applied
only on numerical variables. The leaders method as a variantof the dynamic
clustering method ([18]) can be described with the following procedure:

determine an initial clustering
repeat

determine leaders of the clusters in the current clustering;
assign each unit to the nearest new leader – producing a new clustering

until the leaders stabilize.

1Because of some known properties and drawbacks of the proposed dissimilarities, we also
study other possible dissimilarities, for example Chi-square dissimilarity ([17]), but this is still
work in progress. We hope that we will be able to make appropriate adaptations of algorithms for
these dissimilarities and compare the results in the near future. Nevertheless, with the proposed
dissimilarity dsqr we were able to make some new and valuable progress in the analysis of the
TIMSS data that are presented in this paper.
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The leaders method is a local optimization method for solving the following
optimization problem: find a clusteringC∗ in the set of feasible clusteringsΦ for
which

P (C∗) = min
C∈Φ

P (C) (5)

with the criterion function

P (C) =
∑

C∈C

p(C) where p(C) = p(C,LC) =
∑

X∈C

d(X,LC). (6)

The set of feasible clusteringsΦ is a set of partitionsinto k clusters of the finite
set of unitsU.

The initial clustering can be obtained randomly with selected number of clus-
tersk or can be determined from the units by selection of the maximal allowed
dissimilarity between the unit and the nearest leader.

The optimal leaderLC of the clusterC has to satisfy the following criterion

LC = argmin
L∈Ψ

p(C,L),

whereΨ is the set of feasible representations of the clusters. In our approach, the
leaderL (a representative element) of the clusterC is also described as a vector
of vectors

L = [L(V 1), . . . , L(V m)],
L(V j) = [λ(1, L;V j), . . . , λ(kj, L;V

j)].

The vectorsL(V j) are also distributions, i.e.
∑k

j
V

j=1 λ(j, LC ;V
j) = 1. ForPabs we

assume this, forPsqr we shall prove it (see Lemma 4).
The errorp(C,L) of the clusterC for the leaderL can be splitted into vari-

ables’ parts

p(C,L) =
∑

X∈C

d(X,L) =
∑

X∈C

m
∑

j=1

αj · d(X,L;V j)

=

m
∑

j=1

αj ·
∑

X∈C

d(X,L;V j) =

m
∑

j=1

αj · p(C,L;V
j).

Because of the additivity of the model it is enough to find appropriate distribu-
tion of the optimal leader for a single variable denoted byV . The number of
subsets/categories of its range will be denoted withkV .

Theorem 1 For the criterion functionPabs, where in the expression(6) the dis-
similarity dabs (3) is used and where all units are represented with a single value
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for each variable (usual vector description of the unit), the optimal leader is de-
termined with the maximal frequencies. We select the ’symmetric’ solution

λ(i, LC ;V ) =

{

1
t

if i ∈ M
0 otherwise

whereM = {j : f(j, C;V ) = maxl f(l, C;V )} andt = card(M).

Proof:
Let j(X) = i ⇔ V (X) ∈ Vi. Since each unit is represented with a single value
for each variable we have

π(i, X ;V ) =

{

1 if i = j(X)
0 otherwise

Therefore

dabs(X,L;V ) =
1

2

kV
∑

i=1

|π(i, X ;V )− λ(i, L;V )| =

=
1

2
[(1− λ(j(X), L;V )) +

∑

i 6=j(X)

λ(i, L;V )]

Since we assume that alsoL(V ) is distribution, i.e.
kV
∑

i=1

λ(i, L;V ) = 1, the dis-

similarity dabs(X,L;V ) can be written as

dabs(X,L;V ) = 1− λ(j(X), L;V ).

There aref(i, C;V ) units in each subsetVi with the values in this subset. The
sum over all subsets is equal to the number of all units in the cluster
kV
∑

i=1

f(i, C;V ) = card(C).

So we have

p(C,L;V ) =
∑

X∈C

dabs(X,L;V ) = card(C)−
kV
∑

i=1

f(i, C;V ) λ(i, L;V )

This expression is the smallest when the sum on the right sideis the biggest. This
means that for each variableV the subsetVi with the biggest frequencyf(i, C;V )
determines the distributionLC(V ) of the optimal leaderLC .

If Vi is the only subset with the maximal frequency, thenλ(i, LC ;V ) = 1 and
λ(j, Lc;V ) = 0 for j = 1, · · · , kV , j 6= i. For polymodal distributions the
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value of thep(C,L;V ) will be the same if we select only one of the subsets with
the maximum frequency or any combination of them. So in this case the optimal
leader is not uniquely determined. We select the ’symmetric’ solution

λ(i, LC ;V ) =

{

1
t

if i ∈ M
0 otherwise

whereM = {j : f(j, C;V ) = maxl f(l, C;V )} andt = card(M). �

The important advantages of the criterionPabs arefast convergence of the pro-
cedure andvery simple interpretation of the clustering results. Its main drawback
is the restriction to the usual vector description of units.

Theorem 2 For the criterion functionPsqr with dissimilaritydsqr (4) the optimal
leaders are uniquely determined with the averages of relative frequencies

λ(i, LC ;V ) =
1

card(C)

∑

X∈C

π(i, X ;V ).

The following well known lemma will simplify the proof of thetheorem:

Lemma 3 The expression

F (a) =

N
∑

j=1

(xj − a)2,

wherexj are known numbers, has the smallest value whena is equal to

a∗ =
1

N

N
∑

j=1

xj .

Proof (of the theorem 2):
We are looking for such a leaderLC that the value of the expression

p(C,X ;V ) =
∑

X∈C

dsqr(X,LC ;V )

=
1

2

∑

X∈C

kV
∑

j=1

(π(j,X ;V )− λ(j, LC ;V ))2

=
1

2

kV
∑

j=1

∑

X∈C

(π(j,X ;V )− λ(j, LC ;V ))2
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is the smallest. By lemma 3 this would be when for the componentsλ(j, LC ;V ), (j =
1, · · · , kV ), the averages of relative frequencies are chosen

λ(j, LC ;V ) =
1

card(C)

∑

X∈C

π(j,X ;V ).

�

Lemma 4 The sum of the componentsλ(i, LC ;V ) from theTheorem 2is 1.

Proof:

kV
∑

j=1

λ(j, LC ;V ) =
1

card(C)

kV
∑

j=1

∑

X∈C

π(j,X ;V ) =
1

card(C)

∑

X∈C

kV
∑

j=1

π(j,X ;V ) = 1

In the last equality we used the property that the sum of the relative frequencies is
1. �

The main advantages of the methods based on the criterion functionPsqr are:

• the inputunit can be represented alsowith nontrivial distributions, and not
only with a single value for each variable,

• the optimal leaders are uniquely determined and are distributions,

• simple interpretation of cluster’s characteristics obtained from distribu-
tions.

The leaders method based on Theorem 2 is an extended version of the well-
knownk-means method ([6]). It demands several iterations as all such methods
with the similar definitions of the dissimilarity ([19]).

Lemma 5 When each unit is represented only with a single value for each vari-
able (usual vector description) the optimal leaderLC has the same description as
the clusterC to which it belongs:

λ(j, LC ;V ) = π(j, C;V ).

Proof:
If we have the usual vector description of the unit then

π(i, X ;V ) =

{

1 if i = j(X)
0 otherwise
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Therefore thej-th component of the clusterC for the variableV is equal to the
frequencyf(j, C;V ) and so

λ(j, LC ;V ) =
1

card(C)

∑

X∈C

π(j,X ;V ) =
f(j, C;V )

card(C)
= π(j, C;V ).

�

5 Building a hierarchy

Besides local optimization clustering methods, also hierarchical clustering meth-
ods are very popular. Their advantage is the well known tree representation of
the results – a dendrogram. Their main drawback is that they are computationally
too expensive for large data sets (the number of units is limited to some hun-
dreds). We developed an adapted agglomerative clustering method based on the
descriptions of units, clusters and clusters’ leaders by discrete distributions. The
adapted agglomerative clustering method can be used for clustering symbolic ob-
ject described with discrete distributions. It can also be used to reveal the internal
structure/relations between the clusters (obtained by leaders method) and to select
an appropriate number of clusters.

The standard agglomerative hierarchical clustering method is described with
the following procedure:

each unit forms a cluster:Cn = {{X} : X ∈ U} ;
they are at level0: h({X}) = 0, X ∈ U ;
for k = n− 1 to 1 do

determine the closest pair of clusters
(p, q) = argmini,j : i 6=j{D(Ci, Cj) : Ci, Cj ∈ Ck+1} ;

join the closest pair of clustersC(pq) = Cp ∪ Cq

Ck = (Ck+1 \ {Cp, Cq}) ∪ {C(pq)} ;
h(C(pq)) = D(Cp, Cq)
determine the dissimilaritiesD(C(pq), Cs), Cs ∈ Ck

endfor

Ck is a partition of the finite set of unitsU intok clusters. The levelh of the cluster
C(pq) = Cp ∪ Cq is determined by the dissimilarity between the joint clustersCp

andCq: h(C(pq)) = D(Cp, Cq).
In our approach we take as the units for hierarchical clustering the leaders of

the clusters from the clustering, obtained by leaders method.
The hierarchical clustering methods can be viewed also as greedy methods for

solving the clustering problem (5), (6), (4) ([20]).
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Definition 1 Let (IR+
0 ,

⊕

, 0,≤) be an ordered Abelian monoid. The criterion
functionP is compatiblewith the dissimilarityD iff

(i) P (C) =
⊕

C∈C

p(C)

(ii) p(C) = min
∅⊂C′⊂C

(p(C ′)⊕ p(C \ C ′)⊕D(C ′, C \ C ′))

(iii) p({X}) = 0 for all X ∈ U.

For example, minimum (single linkage), maximum (complete linkage) and Ward’s
hierarchical clustering methods satisfy the Definition 1 ascan be seen from Ta-
ble 1.

Table 1: Some compatible criterion functions and dissimilarities

METHOD P p(C) D(C1, C2)

maximum max p(C) max
X,Y ∈C

d(X, Y ) max
X∈C1,Y ∈C2

d(X, Y )

minimum
∑

p(C)

the value of the minimal
spanning tree overC with
edge valuesd(X, Y )

min
X∈C1,Y ∈C2

d(X, Y )

Ward
∑

p(C)
∑

X∈C

||X − C||2 n1 · n2

n1 + n2
||C1 − C2||

2

Note that in Table 1ni = card(Ci), Ci =
1
ni

∑

X∈Ci
X, and||.|| is Euclidean

distance. Note also that for maximum method operation⊕ is congruent withmax,
and for minimum and Ward’s method operation⊕ is congruent with addition+.

For the criterion functionP , compatible with the dissimilarityD, the follow-
ing relation holds (see [21]):

min
C∈Φk

P (C) = P (C∗
k) = min

C∈Φk+1

(P (C)⊕ min
Ci,Cj∈C,i 6=j

D(Ci, Cj)),

whereΦk is the set of partitions ofU into k clusters. Based on this relation the
following greedy approximation is obtained:

P (C•
k) ≈ P (C•

k+1)⊕D(Cp, Cq), (7)

where
D(Cp, Cq) = min

Ci,Cj∈C
•

k+1
,i 6=j

D(Ci, Cj)

andC•
k+1 is the greedy optimal clustering from the previous step.
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Lemma 6 The dissimilarity between clustersD(Cp, Cq) that measures the change
of the value of the criterion function produced by merging ofthe clustersCp and
Cq

D(Cp, Cq) = P (Ck)− P (Ck+1) = p(Cp ∪ Cq)− p(Cp)− p(Cq) (8)

is compatible with the criterion functionP (6).

Proof:
In this case the operation

⊕

is the addition and the leader of the cluster with only
one unit{X} is the unitX itself. The consequence of this is that the first and
the last requirements in the Definition 1 are satisfied. By thedefinition (8) of the
dissimilarityD is

p(C ′) + p(C \ C ′) +D(C ′, C \ C ′) =

= p(C ′) + p(C \ C ′) + p(C)− p(C ′)− p(C \ C ′) = p(C)

for all subsets∅ ⊂ C ′ ⊂ C, so also the second requirement in the definition of the
compatibility is satisfied. �

In our adapted agglomerative clustering method we use the relation (8) for the
definition of the dissimilarityD. The computation of the dissimilarityD by the
relation (8) could be quite expensive, but fortunately the following theorem holds:

Theorem 7 For the criterion functionPsqr the dissimilarityD(Cp, Cq) (8) can be
calculated using the Ward’s relation:

D(Cp, Cq) =
card(Cp) · card(Cq)

card(Cp) + card(Cq)
dsqr(Lp, Lq). (9)

The proof of this theorem is rather technical and therefore it is given in the ap-
pendix of the article.

This method represents a special kind of a generalized Ward’s clustering method
([22]). The dissimilarity in the Ward’s method (also in the general case) satisfies
the well known Lance-Williams recursive formula ([23])

D(Cp ∪ Cq, Cs) = αpD(Cp, Cs) + αqD(Cq, Cs)+

+βD(Cp, Cq) + γ|D(Cp, Cs)−D(Cq, Cs)|. (10)

where

αp =
np + ns

np + nq + ns

, αq =
nq + ns

np + nq + ns

, β = −
ns

np + nq + ns

, γ = 0

andni = card(Ci), i = p, q, s.
Because also in the adapted hierarchical clustering methodthe L-W recursive

relation is satisfied with the same values of the coefficientsαp, αq, β andγ, the
monotonicity of the obtained clusterings is guarantied by the following theorem:
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Theorem 8 (Batagelj [24]) The clustering levelh(C(pq)) = D(Cp, Cq) of the
clusters in the dendrogram, where dissimilarityD satisfies the Lance-Williams
formula(10), is monotonic iff at each step of the clustering procedure the follow-
ing conditions hold:

αp + αq ≥ 0, γ +min{αp + αq} ≥ 0, αp + αq + β ≥ 1.

6 An application on the TIMSS data set

TIMSS is an international survey conducted in all participating countries at the
same time, with the same international instruments translated into appropriate lan-
guages but keeping the structure equal for all. In participating countries, samples
of classes of students, their teachers of mathematics and school principals are in-
cluded in the collection of data. As result, the TIMSS international data base con-
sists of four data sets: teachers’ answers to questions in the teacher questionnaire,
principals’ answers to the school questionnaire, student’s answer to questions in
the questionnaire for students and students’ achievement scores.

As was mentioned in subsection 2.1, we applied the adapted leaders method on
the TIMSS data for the years 1999 and 2003. With the adapted leaders clustering
method, similar teachers were assigned to clusters according to their reports about
teaching and at the same time to their students’ reports on the work in classes.
With the compatible adapted hierarchical clustering method the most appropri-
ate numbers of clusters were determined. Clusters were thencompared between
themselves by measured mathematics achievement of students assigned to each
clusters through their teacher and other variables on learning mathematics. The
results of the analysis on data from 1999 were presented at the 1st IEA (Evalu-
ation of Educational Achievement) International ResearchConference IRC-2004
on Cyprus [25], and the results of the analysis on data from TIMSS 2003 at IFCS
2006 in Ljubljana [26]. Some of the results of the analysis ofthe TIMSS 2003
data set are presented in the following subsections.

6.1 Data description

For our analysis, the main data source was the teachers’ dataset from all partici-
pating countries. For each teacher, the distribution of his/her students’ answers to
each student question from students’ data set was calculated. These distributions
were added to the teachers’ data set. Therefore, units of analysis were teachers,
considered as symbolic objects described with discrete distributions (see page 4).
Since we have nontrivial distributions for students’ variables, the dissimilaritydsqr
((4) on page 7) was used.
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The data set included sampled 6552 teachers and 131000 students, represent-
ing more than 10 millions of students of the 8th grade in 30 countries. All answers
in the questionnaire were categorized (including age). 101variables were included
in the clustering process: 77 from teachers and 24 from students questionnaire.
Some of the variables were ordinal, i.e. ”During math lessons, how often do you
ask students to work on math problems?” with possible answers ”Every or almost
every lesson” (1); ”About half the lessons” (2); ”Some lessons” (3); ”Never” (4);
or ”How much do you agree with the statement “I enjoy learningmathematics” ?”
with possible answers ”Totally agree” (1); ”Agree” (2); ”Disagree” (3); ”Totally
disagree” (4). The other variables were nominal (i.e. gender; use of textbook or
not, use of calculator or not). Missing values were treated as additional category
since they give us information on (non)response on a particular question.

6.2 Clustering methods

At first stage, we applied the adapted leaders method with different number of ini-
tial clusters (50, 40, 30 clusters). Afterwards, the compatible adapted hierarchical
clustering method was applied on these clusters to determine the most appropriate
number of them. In each step of the agglomeration, dissimilarity between clus-
ters was calculated with the Ward’s relation (9). In all cases, five main clusters of
teachers were detected. An illustrative example of a dendrogram on 30 clusters is
presented in Figure 2. At the final stage, we applied the adapted leaders method
on the TIMSS data set again with five initial clusters. Clustering results were
used to study differences in teaching and learning mathematics among teachers
and their students assigned to each cluster, calculate average student achievement
by clusters to compare them over clusters and analyze assignment of teachers to
clusters with respect to the country of teacher’s origin.

6.2.1 Clusters characteristics

For each cluster in the adapted leaders method and in the adapted agglomerative
method, the distributions of values are stored for all variables. ’Characteristics
of the cluster’ can be obtained considering the most frequent category for each
variable. In Table 2, some characteristics of the cluster 1 are listed. Almost all
teachers of this cluster have computer available in maths lessons and more than
85% of them have access to Internet. Concerning attitudes about homework we
can say that more than 97% teachers of this cluster assign mathematics home-
work to their students and almost 76% of them always or almostalways monitor
whether homework was completed by students. Concerning ’teaching resources
or tools’, more than 97% of teachers use textbook for teaching mathematics and
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CLUSE - Adapted Ward      [0.00,0.60]
research / TIMSS 2003

 Leader07
 Leader27
 Leader21
 Leader14
 Leader03
 Leader18
 Leader16
 Leader25
 Leader30
 Leader05
 Leader20
 Leader09
 Leader28
 Leader11
 Leader19
 Leader23
 Leader04
 Leader10
 Leader24
 Leader12
 Leader17
 Leader08
 Leader26
 Leader02
 Leader06
 Leader13
 Leader22
 Leader01
 Leader15
 Leader29

Figure 2: The dendrogram on 30 clusters of teachers of TIMSS 2003 data set

Table 2: Some characteristics of the cluster 1

99.80% btbmcoma(MAT\COMPUTER\AVAILABLE IN MATHS LESS) = YES
97.12% btbmhmwo(MAT\HOMEWORK\DO YOU ASSIGN MATHS) = YES
97.07% btbmtbtc(MAT\TEXTBOOK\USE FOR MATHS) = YES
85.17% btbminta(MAT\COMPUTER\ACCESS TO INTERNET) = YES
84.05% btbmasid(MAT\HOW OFTEN ASK\INTERPRET DATA TABLES) = SOME LESSONS
78.68% btdmcu(IDX MATH TCHR PRCPTN SCHL SAFETY (MTPSS)) = HIGH
75.95% btbmhdam(MAT\HOMEWORK ASSIGNMENTS\MONITOR COMPLET) = ALWAYS OR ALMOST ALWAYS
75.27% btbgotvt(GEN\INTERACTIONS TEACHERS\VISITS) = NEVER OR ALMOST NEVER

more than 84% of teachers at some lessons (not always or never) ask students to
interpret data tables.

As we mentioned before, not only the mode value, but also the whole distri-
bution for each variable is saved. This is specially informative for variables with
several categories. In Table 3, the distribution of teachers’ answers in cluster 1 to
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one of the questions is given. With this distribution we preserved more detailed

Table 3: The distribution of one of the variables for the cluster 1

"How often do you ask students to write equations during math lessons?"
Variable 26: btbmasrr(MAT\HOW OFTEN ASK\WRITE EQUATIONS)

values ldr(L(1),V(btbmasrr)) f(C(1),V(btbmasrr)) f%
EVERY OR ALMOST EVERY LESSON 0.052 107 5
ABOUT HALF THE LESSONS 0.208 426 21
SOME LESSONS 0.687 1408 69
NEVER 0.042 87 4

(max.frequ. = 1408 (68.7 %), missing = 22, no sense = 0)

information about answers of teachers assigned to the cluster 1:5% of the teachers
from this cluster in every or almost every lesson ask students to write equations
and 4% never; 21% of them ask students to write equations at about half lessons
and 69% in at least some of the lessons.

In the similar way all variables can be interpreted. Becauseof the data descrip-
tions, teacher variables typically reached higher frequencies of one of the vari-
able values than student variables. From the descriptions of the obtained clusters,
differences between clusters in pedagogical approaches toteaching mathematics
were found. The main clusters’ characteristics, taken fromsuch descriptions, are:
Cluster 1: Almost all teachers have computer available in their classrooms and
they have access to Internet on most of them. 62% of teachers participated in the
teacher training how to integrate IT into teaching mathematics. Students are at
least in some lessons asked to draw chart graphs from the datatables and interpret
them. More than half of teachers at least sometimes give students to gather data
as their homework. Calculator use is mainly restricted but almost 60% of teachers
sometimes permit calculator use during tests. Students of almost 63% of teachers
always in lessons get homework in form of problems to solve, and teacher use the
completed homework for the work in class. 76% of teachers always or almost al-
ways monitor whether students completed their mathematicshomework. 75% of
teachers always give students test with questions of math applications and slightly
less teachers sometimes in test ask student to search for patterns. 58% of teachers
sometimes ask students in test to explain or justify math ideas. Almost all teach-
ers use textbook for teaching, but only 68% as the primary basis for their lessons.
Teachers are in majority active in development of math education. More then
60% participated in teacher training development of math curriculum, pedagogy
and math content. 56% disagree that learning mathematics ismainly memorizing
formulas and procedures and agree that it is mainly solving mathematics prob-
lems. Teachers do not interact between themselves as 75% never visit each other
during lessons and never informally observe each other teaching. More than 43%
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of students highly value math, 37% of them enjoy learning math and 41% of them
are self-confident on math learning.

In cluster 1 teachers are active in teaching as well as in their own professional
development regarding math content and pedagogy. Only teachers from this clus-
ter use computers in class and teach mathematics with use of IT. Teachers also
participate in teacher training about the integration of ITin teaching mathematics.
Cluster 2: Units with mostly missing values.
Cluster 3: Teachers of the cluster 3 have no computer available for teaching and
in 82% classes, students mainly also do not have calculators. Use of calculators
is restricted, although up to 60% of teachers at some lessonsask students to use
calculators for routine calculations, check answers or solve complex problems.
Teachers do not participate often in teacher training or programs about use of IT
in class. All of teachers use math textbooks, 70% of them as the primary basis for
lessons, and assign math homework, 87% in each lesson. 80% ofteachers always
monitor completion of homework by students. Teachers are teaching mathemat-
ics through problem solving. More than 70% of them always require use of math
application in tests, always assign problem solving for homework, 83% of teach-
ers in some lessons ask students to interpret data tables, and often ask students to
work on problems in lessons. High percentage of teachers, 67%, at every lesson
ask students to explain their answers. Students of around 60% of teachers have
to practice basic mathematics operations and listen to teacher lecture every lesson
and more then half teachers agree that the mathematics should be taught through
problem solving and modeling real world problems. Teachersfeel in some extend
limited by shortage of the computer usage and by uninterested students. But on
the other hand, almost 47% of the students highly value math and 34% of them
enjoy learning math.

Teachers from cluster 3 feel more limited by bad influences from uninterested
students and shortages of resources than teachers in other clusters.
Cluster 4: Students of teachers in this cluster do not use calculators which are not
permitted by 91% of teachers. They also do not use computers which are not avail-
able in classes of 73% teachers. All teachers use textbooks but only 65% as the
primary basis for lessons. Around 60% of teacher give lecture every lesson, ask
students to explain answers and practice calculations without calculator. Students
of 75% teachers get homework at every lesson, mostly in the form of list of prob-
lems to solve and homework is always monitored if completed.But, almost 60%
of teachers only sometimes use completed homework for further teaching in the
class. In tests, students always have to use math applications and in lessons, 68%
of teachers always ask students to practice basic operations. Majority of teach-
ers do not participate in teacher training or development programs about critical
thinking and use of IT in teaching mathematics. But more thanhalf participated
in training about mathematics content. Two thirds of teachers never informally
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observe their colleagues teachers or visit other teacher’sclass to observe teach-
ing. More than half teacher agree that for teaching mathematics, most important
is problem solving and modeling real world problems, not memorizing formulas
and procedures. They also relate teaching mathematics to daily life more often
than in the first and third cluster. Less often as in other clusters, teachers ask
students to write equations but more often students have to interpret data tables.

Teachers in this cluster are teaching mathematics much morein connection
with real word applications than with the formal mathematics of equations and
procedures. They feel a little limited by uninterested students, but they are not at
all limited by the shortage of the computer usage. Almost 44%of the students
value math as medium and 33% of them enjoy learning math.
Cluster 5: No computers are available to teachers and students in this cluster.
80% of teachers report that students have no calculators either. In classes of 54%
of teachers, use of calculators is restricted, but all students have them available
during mathematics lessons. Only 62% of teachers assign homework at every
lesson, but more than 70% always monitor completion of homework by students
when it is assigned. Teachers teach mathematics by using different approaches
beside problem solving. 75% of teachers always gives student for homework a set
of problems to solve and 72% always include use of math applications in tests.
Teachers often ask students to work on problems and write equations, 68% of
teachers at least in some lessons. 85% of teachers at least insome lessons ask
students to interpret data tables, 68% of teacher at least sometimes ask students to
search for patterns and 60% of teachers ask them to explain orjustify math ideas
in tests. 57% of teachers in some lessons request from students to work with data
and draw charts. Only 58% of teachers agree that teaching mathematics is mostly
problem solving. 55% of teachers think that learning mathematics is not mem-
orizing formulas and procedures. 68% of teachers use textbook as the primary
basis for lessons and report that textbooks are available toall students. More than
80% of teacher never visit each other’s class or informally observe teaching of
colleagues. Majority of them do not participate in development programs about
critical thinking or mathematics assessments but 56% participate in development
programs about mathematics content and slightly less in programs of development
mathematics pedagogy. Teachers do not at all feel limited bytextbooks or equip-
ment. Around 43% of the students highly value math and 38% of them enjoy
learning math. Opposite to the other clusters, where there are from2/3 to 3/4 of
teachers female, more than 42% of teachers in this cluster are male.

Teachers in this cluster clearly show different strategiesto teaching mathemat-
ics beside problem solving: work with data, explanations and justifications as well
as searching patterns in math ideas. From the characteristics it seems that schools
have calculators available for students as well as enough textbooks for students
use.
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6.3 Results of the secondary analysis

Since the representation with the distributions joins the teachers and the students
data sets, through clusters’ memberships some further relationships between vari-
ables or also between some other factors not included into clustering procedure
can be studied.

6.3.1 Comparison between students achievements and teachers pedagogical
approaches

Besides the keeping of very detailed information, the valuable result of this clus-
tering approach is that we can directly compare the studentsachievements with
the teachers pedagogical approaches to teaching mathematics. This was done in
the following way:

Students were assigned to clusters according to their teacher assignment to
five obtained clusters. The mean mathematics achievement score of students be-
longing to each cluster was calculated. Results show differences in achievement
over clusters. Students of cluster 4 achieved the highest 535 points, clusters 1 and
5 follow with 525 and 521 points and cluster 3 was the last with500 points. Since
cluster 2 grouped teachers with missing data, we excluded itfrom further analysis.

From the descriptions of the obtained clusters and their link to the student
achievement, interpretations of teaching factors with regard to student achieve-
ment can be formed.

Here, some teaching factors are discussed over clusters with higher and lower
student achievement:
Cooperation with other teachers, participation in professional development
programs: There are slight differences between clusters in cooperation of teach-
ers. In cluster 5, 88% of teachers never visit other teacher while teaching math-
ematics and 83% never observe other teacher working. In cluster 1, those per-
centages are lower for 10% points. In cluster 4 with the highest achievement, less
than 70% of teachers report no visitations and observationsof their colleagues
work. In cluster 3, the lowest achieving cluster, only half of teachers never ob-
serve other teacher’s teaching and even less percentages ofteachers never visit
other colleagues while they are teaching. Therefore, teachers who teach weaker
students more often discuss work and cooperate with other teachers as well as
they do teachers whose students demonstrated the highest knowledge.

Around half of the teachers in cluster 4 participate in in-service teacher train-
ing about teaching mathematics content, but most of the teachers do not partici-
pate in development programs about pedagogy or using ICT in teaching. Teachers
in clusters with middle achievement participate in all kindof professional devel-
opment programs. Similar to cluster 4, only half of the teachers in the lowest
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achieving cluster 3 participate in development programs about math content, but
almost the same number of teachers participate also in programs about develop-
ing critical thinking of students and the implementation ofcurriculum. The data
show that teachers of most successful students upgrade their professional content
knowledge less often than teachers of middle achieving students, while teachers
of less successful student need in-service teacher training besides from content
also from pedagogical approaches and strategies.
Usage of calculators and computers:In the highest achieving cluster 4 calcu-
lators and computers are not used or permitted to be used by students. But stu-
dents sometimes do use them even during tests. In the middle achieving cluster
1 extensive computer use is the main characteristic of teaching. In slightly less
achieving cluster 5, computers are not available while calculators are available to
students for restricted use, also sometimes during tests. In cluster 3 with the low-
est achievement, computers are also not available and calculators restricted, but
anyway used mainly for routine operations.
Assigning and monitoring homework: In cluster 4 students get homework at
every lesson in 75% classes and it is almost always monitoredby a teacher. For
homework, these students are almost always requested to solve problems, but
sometimes they also need to find the applications of mathematics. Almost 60%
of teachers at least sometimes use homework for further teaching mathematics
to class. In cluster 3 87% of teachers give homework at every lesson and 80%
always check if it is completed. In 70% of classes, teachers use homework for
teaching and in 60% of classes students sometimes correct homework to each
other. From these data, homework by itself can not be directly connected to the
level of achievement, as also lower achieving clusters showvery frequent and in-
tensively used of homework.
Knowledge testing: In the lower cluster 3, teachers do not report about frequent
test questions asking students to explain or justify, but 75% of them always use
items of math application in test and less frequent request searching for patterns
than in other clusters. But 67% teachers in cluster 3 report that they ask students
to explain answers every lessons while they ask them to writeequations only in
some lessons. In highest achieving cluster 4, almost 80% of teachers report that
mathematics tests always include math applications. More often than in other
cluster students have to practice basic calculations. In 68% of classes teachers
in every lesson require from students to practice computational skills consistently
with 60% of student reporting that every lesson practice calculations without cal-
culator. In the middle cluster 1 with intensive computer useand in cluster 5, test
questions of more than 70% of teachers always include applications of mathemat-
ics, sometimes searching for patterns and tests of 60% of teacher sometimes ask
students for explanations and justifications. In cluster 5,students are less often
(50% in some lessons) asked to practice basic calculations and to explain their
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answers than in cluster 4.
From the characteristics we may not conclude about direct relations or even

direction of relations between achievement and teaching factors. But we found
some characteristics of teaching higher achieving students that are different from
teaching lower achieving students and these can be used in further analysis to
confirm stronger links.

6.3.2 The relationship between the extent of the topics taught and students’
achievement

Clustering results allow us to study relations of data used also to variables which
were not included into initial data base for clustering, as it is shown in the follow-
ing example. Since school curricula for mathematics differin content over coun-
tries and achievement of students is strongly depending on whether the topic was
taught to students or not, in order to explain student achievement in TIMSS well,
teachers were asked which mathematics content topics were already taught to their
students. Figure 3 presents differences in mathematics achievement and number
of topics taught in school to students (before taking TIMSS tests) by clusters.
Graph shows the tendency that achievement of students is higher when teachers
reported less topics taught in school. This could be explained with the assumption,
that teachers of higher achieving students more often reported topic taught when
the topic is really known by students, while teachers in lower achieving clusters
reported many topics taught without their students knowingthem well. It can
also be true that teachers of higher achieving students are more critical in declar-
ing what is already taught, as well as curriculum could be more concentrated on
important basic knowledge.

In TIMSS study students are assigned to different benchmarklevels of math-
ematical knowledge. Cluster analysis revealed that students of teachers in clus-
ter 4 have reached the highest benchmarks in larger percentages than students of
teachers in other clusters. Figure 4 represents distribution of students reaching
benchmarks for four clusters (cluster 2 with missing answers was omitted) with
different form of its line graph. Cluster 3 with the lowest mean achievement con-
sist of larger number of students reaching the lowest two benchmarks and smaller
number of students reaching the highest two benchmarks. Almost 12% of student
did not reach even the lowest benchmark. Cluster 5 students reached the mid-
dle level in larger percentage and the highest level of mathematics knowledge in
smaller percentage than students of teachers from cluster 1. From this results it
could be assumed that the way of teaching in cluster 1 supports better the best
students while the way of teaching in cluster 5 helps most themiddle achieving
students.
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Figure 3: Percentages of TIMSS test topics taught to students before test and
mathematics achievement on TIMSS test by clusters

6.3.3 The participation of the countries in the clusters

While descriptions of clusters provide deeper look into methods of teaching in
each cluster, distribution of teachers over clusters also allow further analyses of
variables not included in the clustering procedure. We observed how many stu-
dents were taught by teachers from each cluster inside participating countries or
school systems. The majority of students from the same country was mainly as-
signed to the same one or two clusters, although no variable indicating country or
cultural background of teachers was used in the clustering process. For example,
the Eastern Europe countries have majority of students taught by teachers assigned
to cluster 3; English speaking countries have almost the same amount of students
taught by teachers assigned to clusters 1 and 5, as well as Sweden and Norway.
European countries tend to have most students taught by teachers from cluster 5
with high percentages coming also from cluster 1. Cluster 4 is showing the highest
achievement. It consists of higher percentages of studentsfrom Chinese Taipei,
the country with the overall highest TIMSS mean mathematicsachievement from
all countries. The results for the TIMSS 2003 data are presented in Table 4.
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Figure 4: Benchmark levels of math achievement reached by students

Data from the table could help to reveal the most used teaching approaches in
each country and find similar views to teaching mathematics in cultural or geo-
graphical regions. It can be said that mathematics is taughtdifferently and with
different efficiency in these areas. Since analysis of TIMSSdata from 1999 has
shown similar distributions of countries over clusters, webelieve that it might be
said that country specifics and cultural background implicitly influence on teach-
ing and learning mathematics.

7 Conclusion

In the paper two clustering methods adapted for clustering units described with
discrete distributions are presented. The representations of units, clusters and
clusters’ representatives (leaders) with discrete distributions are special kind of
symbolic objects and as such preserve more information thanclassical represen-
tations with mean values. Such representations also enableus to include all types
of variables into the clustering process at the same time. Both methods can be
used separately or in combination, since they are compatible (based on the same
criterion function).

We applied both methods on TIMSS data set from years 1999 and 2003. Some
of the results revealed expected relations, but with both methods also some unex-
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pected results were found. Therefore we can say that new clustering methods
enable us to make some important conclusions about differences in teaching and
learning mathematics in classes over the world that could not be seen with the
traditional approaches for analyzing such data.

The analyses were done using program package Clamix. It is available at
http://educa.fmf.uni-lj.si/datana/pub/clamix/.

A Appendix

Proof of the Theorem 7:
The errors of the clusters can be splitted by the variables:

p(Cp∪Cq)−p(Cp)−p(Cq) =

m
∑

j=1

αj (p(Cp∪Cq;V
j)−p(Cp;V

j)−p(Cq;V
j)).

Because of the additivity of the model it is enough to consider only one variable
V . By the definition the error of the cluster is

p(C;V ) =
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For the dissimilaritydsqr (4) and optimal leaderLC (Theorem 2) we get
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Comparing these two equalities we get new expression for thecluster’s error:

p(C;V ) =
1

2 · card(C)

∑

X∈C

∑

Y ∈C

dsqr(X, Y ;V ) (12)

Equalities (11) and (12) are used in the proof of the equality

D(Cp, Cq) = p(Cp ∪ Cq)− p(Cp)− p(Cq) =
np · nq

np + nq

dsqr(Lp, Lq) (13)

Assume that clustersCp andCq are disjoint. Then alsocard(Cp ∪ Cq) = np + nq

holds. Using the equality (12) we get
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The symmetry of the dissimilaritydsqr was also used. The expression can be
simplified using (12) into
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On the other hand also the following equality holds

np·nq·dsqr(Lp, Lq;V ) = np·nq·
1

2

kV
∑

i=1

(

1

np

∑

X∈Cp

π(i, X ;V )−
1

nq

∑

Y ∈Cq

π(i, Y ;V )

)2

.
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After simplification and the comparison of last two equalities we finally get

D(Cp, Cq) = p(Cp ∪ Cq)− p(Cp)− p(Cq)

=

m
∑

j=1

αj

[

p(Cp ∪ Cq;Vj)− p(Cp;Vj)− p(Cq;Vj)

]

=

m
∑

j=1

αj ·
np · nq

np + nq

· dsqr(Lp, Lq;V )

=
np · nq

np + nq

·
m
∑

j=1

αj · dsqr(Lp, Lq;V )

=
np · nq

np + nq

· dsqr(Lp, Lq)

�
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[17] N. Kejžar, S. Korenjak-̌Cerne, and V. Batagelj, ”Clustering of discrete dis-
tributions: A case of patents citations”.Submitted.

30



[18] E. Diday, ”Optimisation en classification automatique”, Tome 1.,2.. INRIA,
Rocquencourt (in French), 1979.

[19] T. Kanungo, D. M. Mount, N. S. Netanyahu, C. D. Piatko, R.Silverman,
and A. Y. Wu, ”The analysis of a simple k -means clustering algorithm”,
In Proceedings of the Symposium on Computational Geometry, 2000, pp.
100–109.

[20] A. Ferligoj and V. Batagelj, ”Clustering with Relational Constraint”, Psy-
chometrika, volume 47, number 4, 1982, pp. 413–425.

[21] V. Batagelj, ”Agglomerative Methods in clustering with Constraints”, Pre-
sented at the Joint European Meeting of the Psychometric andClasification
Societies, Jouy-en-Josas, France, July, 6-8, 1983.

[22] V. Batagelj, ”Generalized Ward and related clusteringproblems”, InClassi-
fication and related methods of data analysis, North-Holland, Amsterdam,
1988, pp. 67–74.

[23] G. N. Lance and W. T. Williams, ”A general theory of classificatory sorting
startegies, 1. Hierarchical systems”,The Computer Journal, Volume 9, 1967,
pp. 373–380.

[24] V. Batagelj, ”Note on Ultrametric Hierarchical Clustering Algorithms”,Psy-
chometrika, volume 46, number 3, 1981, pp. 351–352.
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Table 4: Percentages of students taught by teachers from each cluster by countries,
TIMSS 2003

Countries or Cluster 1 Cluster 2 Cluster 3 Cluster 4 Cluster 5
School Systems Missings

Singapore 63.3 % 1.5 % 1.5 % 33.8 %

Japan 57.3 % 3.6 % 35.9 % 3.2 %

Korea 33.1 % 28.5 % 5.5 % 27.7 % 5.2 %

Lithuania 63.7 % 4.8 % 16.1 % 4.4 % 10.9 %

Norway 52.8 % 3.0 % .3 % 43.9 %

Australia 46.5 % 8.1 % 3.9 % 4.0% 37.6 %

Sweden 43.9 % 5.8 % 1.9 % .7 % 47.6 %

England 39.8 % 6.4 % 7.4 % 3.6 % 42.8 %

Canada Ontario 42.4 % 10.0 % 4.3 % .6 % 42.7 %

USA 38.2 % 12.2 % 7.2 % 6.2 % 36.2 %

Estonia 30.3 % 3.0 % 30.2 % 5.2 % 31.3 %

Italy 28.4 % 0.2 % 27.5 % 19.0 % 24.9 %

Russian Federation 10.1 % 0.4 % 69.7 % 18.5 % 1.4 %

Rep. of Macedonia 3.3 % 1.0 % 67.9 % 26.3 % 1.6 %

Armenia 10.0 % 15.3 % 63.8 % 9.8 % 1.0 %

Bulgaria 4.9 % 1.9 % 60.2 % 30.9 % 2.0 %

Moldova 11.0 % 18.7 % 52.8 % 17.5 %

Slovakia 21.9 % 49.8 % 13.4 % 14.8 %

Serbia and Montenegro 5.9 % 4.8 % 49.3 % 33.4 % 6.6 %

Romania 6.8 % .5 % 45.3 % 47.3 %

Latvia 13.9 % 7.4 % 34.5 % 42.1 % 2.1 %

Slovenia 28.0 % 5.7 % 20.7 % 33.5 % 12.1 %

Chinese Taipei 20.8 % 22.0 % 32.8 % 24.4 %

The Netherlands 26.6 % 5.8 % .8 % 66.8 %

Scotland 23.3 % 11.2 % 4.0 % 1.9 % 59.5 %

Hong Kong 36.7 % .7 % 3.8 % 2.8 % 56.1 %

New Zealand 38.3 % 7.2 % 3.2 % 2.2 % 49.1 %

Canada Quebec 33.4 % 6.9 % 5.0 % 5.7 % 49.0 %

Belgium (Fl.) 33.0 % 22.5 % 2.6 % 1.0 % 41.0 %

Basque Country 20.9 % 5.8 % 17.8 % 24.0 % 31.4 %

TOTAL 31.8 % 8.0 % 22.0 % 14.5 % 23.8 %
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